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Introduction
Let Ω ⊂ R n be a bounded Lipschitz domain and consider the Dirichlet energy functional ϕ (Ω, R n ) = u ∈ W 1,2 (Ω, R n ) : u| ∂Ω = ϕ , and ϕ denotes the identity map. In this paper we are primarily concerned with the problem of extremising the energy functional (1.1) over the space (1.2) and examining a particular class of maps as solutions to the corresponding system of Euler-Lagrange equations (see Section 2)
   div S[x, ∇u(x)] = 0 x ∈ Ω, det ∇u(x) = 1 x ∈ Ω, u(x) = ϕ(x)
x ∈ ∂Ω.
Here, we have that A motivating source for this type of problem is nonlinear elasticity where (1.1) and (1.2) represent a simple model of a homogeneous incompressible hyperelastic material and solutions to the above system of equations serve as the corresponding equilibrium states (cf., e.g., Ball [1] ).
1
While the question of existence of minimizers for F (with arbitrary boundary conditions ϕ) is settled in [1] , the regularity of such minimizers and more generally, solutions to the corresponding Euler-Lagrange equations remains at large an outstanding open problem (cf., e.g., [2] , [6] and [7] ). Furthermore, little is known about the structure of the solution set (e.g., uniqueness or multiplicity, existence of local minimizers, etc.).
For the purpose of this paper we concentrate mainly on the case where the domain Ω is an n-dimensional annulus, that is, Ω = {x ∈ R n : a < |x| < b} with b > a > 0 and aim to present examples of multiple local minimizers of F over A(Ω), as well as solutions to the corresponding Euler-Lagrange equations. This will be achieved by developing a number of topological tools, most prominently, a notion of degree on the space of self-maps of annuli A. [See Section 8] . Indeed, we show that the latter, when equipped with the topology of uniform convergence, consists of infinitely many components when n = 2 and precisely two when n ≥ 3.
2
In the case n = 2, taking advantage of the embedding of A(Ω) into A enables one to partition A(Ω) into a corresponding collection of infinitely many pairwise disjoint sequentially weakly closed subsets on each of which minimizing the Dirichlet energy will give rise to a local minimizer (with respect to the L 1 metric). On the other hand, by considering the Euler-Lagrange equations separately, one can show by direct verification that the latter admits solutions amongst a class of maps referred to as twists. Interestingly, here, the corresponding equations can be solved completely leading to explicit solutions (depending on a, b, as well as k, the twist parameter). Furthermore, these twist solutions will be the unique minimizers of the Dirichlet energy, restricted to the class of twists from within a fixed component of A.
The explicit form of these solutions enables us to further investigate their qualitative properties; one particular question being their limiting behaviour as the inner radius of the annulus converges to zero, i.e., when the inner hole shrinks to a point. This is particularly interesting as in the limit (a punctured disk) all components of the corresponding function space collapse to a single one and so it is important to have a proper understanding of the limiting behaviour of the latter solutions (on each fixed component) together with their corresponding energies.
3
The case n = 3 is more complicated and less clear as here A(Ω) does not embedd into A and so there is no similar partitioning of A(Ω) available. However, by analogy with the first part it is natural to seek solutions to the Euler-Lagrange equations in the form of higher dimensional twists. Motivated by the results in the case n = 2 we begin by restricting the Dirichlet energy to the space of twists. It then follows that there exists a unique minimizer corresponding to every twist parameter k. Moreover, the latter minimizers, depending on whether k is even or odd lie within the same component of A. However, interestingly, it will turn out that higher dimensional twists do not form solutions to the full Euler-Lagrange equations, unless when k = 0. This, above all shows that unlike the case n = 2, in higher dimensions, minimizing the Dirichlet energy on the space of twists and verifying the resulting Euler-Lagrange equation does not grant a solution to the full Euler-Lagrange equations.
Finally, we note that the non-existence results, here, are in sharp contrast to the case where the Dirichlet energy is replaced by the so-called p-energy
(with p ≥ n) and over the space of admissible maps
as similar arguments lead to, e.g., the existence of multiple local minimizers and solutions to the corresponding Euler-Lagrange equations. (See Remark 7.3.)
The Euler-Lagrange equations
The derivation of the Euler-Lagrange equations can be facilitated by the use of the Lagrange multiplier method. To this end, let p = p(x) denote the Lagrange multiplier and consider the unconstrained functional
Then, proceeding formally, it is a straight-forward matter to verify that the Euler-Lagrange equations take the form
for 1 ≤ i ≤ n. In addition, with the aid of Piola's identity, the latter can be re-written as 4 In contrast to the Dirichlet energy, the unconstrained functional J is not well-defined over W 1,2 (Ω, R n ). This is firstly due to the presence of the Lagrange multiplier p which is apriori assumed only measurable and secondly the failure of integrability of det ∇u. The natural way to overcome this is to instead restrict J to the space
and p ∈ BMO(Ω). [When n = 2, u ∈ W 1,2 (Ω, R 2 ) and p ∈ BMO(Ω).] However, as in this section we will be mainly concerned with classical solutions to the EulerLagrange equations associated with J (see Definition 2.1) the specific choice of the function spaces will be of no immediate significance.
Definition 2.1. (Classical solution)
A pair (u, p) is said to be a classical solution to the Euler-Lagrange equations associated with the Dirichlet functional (1.1) and subject to the constraint (1.2) if and only if [1] 
We next discuss an invariance property associated with the unconstrained functional J along with its Euler-Lagrange equations (2.2). To this end, let F be a conformal or an anti-conformal matrix, that is, F = κQ for some non-zero κ ∈ R and Q ∈ O(n) the orthogonal group. Then, it is evident that
Moreover, a straight-forward calculation gives,
where ∇u = ∇u(Fy). Therefore, making note of the identity
along with
we are lead, after the change of variables x = Fy, to the energy identity
The same argument can also be used to show that for any
, and so we are lead to the following statement.
Proposition 2.1. Let (u, p) be a solution pair to the Euler-Lagrange equations
3 A homotopy characterisation of maps in A(Ω) when Ω ⊂ R 2 is an annulus
Let Ω = {x ∈ R 2 : a < |x| < b} with b > a > 0 and consider the space
equipped with the topology of uniform convergence. Then, it can be shown that the homotopy classes of A can be enumerated by the integers Z. Indeed, for each homotopy class the latter integer can be taken as the index of the curve resulting from restricting any arbitrary representative φ of the class to a radial ray whilst normalising it so that its range lies on the unit circle. In what follows, this correspondence will be denoted by
Since Ω ⊂ R 2 , every u ∈ A := A(Ω) has a representative (again, denoted u) in A. Hence, we can set, for each k ∈ Z,
Then, as a result, the latter are pairwise disjoint and that
Proposition 3.1. Let Ω = {x ∈ R 2 : a < |x| < b} and for k ∈ Z consider the classes A k as defined by (3.2). Then,
The reader is referred to the Appendix for further discussion on the basic properties of the homotoopy classes of A.
Proof.
Moreover, in view of u j → u uniformly onΩ, an application of Proposition 8.4 gives u ∈ A k . This justifies [1] .
[2] Assume the contrary. Then, there exist u ∈ A k , s > 0 and (v j ) j∈N such that
while v j / ∈ A k . However, the above imply that by passing to a subsequence (we do not re-label this) v j u in W 1,2 (Ω, R 2 ) and as in [1] , v j → u uniformly on Ω. Hence, again by Proposition 8.4,
As the above quantities are integers (with the one on the right being k), it follows that for j large enough, v j ∈ A k which is a contradiction. This completes the proof.
In view of the sequential weak lower semicontinuity of the Dirichlet energy, an application of the direct methods of the calculus of variations leads us to the following conclusion.
Proposition 3.2.
Let Ω = {x ∈ R 2 : a < |x| < b} and for k ∈ Z consider the classes A k as defined by (3.2). Then, there exist
In addition, for each suchū there exists δ = δ(ū) > 0 such that
and so u is a minimizer as required.
To establish the final assertion, fix k andū as above and with s = 1 + F[ū, Ω] pick δ > 0 as [2] in Proposition 3. 
Twists as solutions in two dimensions
When n = 2, the Euler-Lagrange equations associated with the Dirichlet energy F over the space A(Ω) take the form
or equivalently, in view of the a.e. invertibility of the matrix [cof ∇u] in Ω,
In this section, we consider the case where Ω ⊂ R 2 is a two dimensional annulus and discuss a particular class of maps, namely, twists that will eventually be shown to give rise to classical solutions to the Euler-Lagrange equations (4.1) or (4.2).
is referred to as a twist if and only if it can be represented in polar coordinates as u : (r, θ) → (r, θ + g(r)).
The function g in the above is referred to as the corresponding twist function. Evidently if u is a twist, then u = (u 1 , u 2 ) = (r cos ω, r sin ω) where ω = θ+g(r).
Proposition 4.1. Let Ω = {x ∈ R 2 : a < |x| < b}. A twist u lies in A = A(Ω) provided that the corresponding twist function g satisfies the followings.
Proof. If u is a twist, then u = (u 1 , u 2 ) = (r cos ω, r sin ω) where ω = θ + g(r). Thus, from [2] and [3] it follows that u| ∂Ω = x. Moreover, a straight-forward calculation gives
In particular det ∇u(x) = 1, for all x ∈ Ω. Next, to justify u ∈ W 1,2 (Ω, R 2 ) it is enough to notice that
Thus, in view of |u| = r, we have that
and so referring to [1] the conclusion follows. Finally,
The proof is thus complete.
Remark 4.1. Adding any integer multiple of 2π to g does not affect u. Thus, in what follows, when speaking of a twist u, we agree to set g(a) = 0 and g(b) = 2πk := 2π(n b − n a ).
We now seek solutions to the Euler-Lagrange equations (4.2) in the form of twists. Indeed, a straight-forward calculation gives
Hence, upon substitution we have
or alternatively
As a necessary condition for the solvability of (4.3) is for the right-hand side to be curl-free we arrive at
It is plain that (4.4) is an Euler-type equation and admits solutions in the form g(r) = r α . This upon substitution gives α ∈ {0, −2} [with α = 0 repeated]. Hence g(r) = c 1 +c 2 ln r+c 3 r −2 . However (4.3) being a gradient demands c 2 = 0. Finally, using the boundary conditions g(a) = 0 and g(b) = 2kπ we arrive at
Let Ω = {x ∈ R 2 : a < |x| < b}. Then, for each k ∈ Z, the Euler-Lagrange equations associated with F have a solution u ∈ A k in the form of a twist where
with g given by (4.5).
Remark 4.2. The above calculation also shows that the Lagrange multiplier p is such that
which fixes p up to an additive constant, that is,
It can thus be seen that the pair (u, p) is smooth and so in particular a classical solution (cf. Definition 2.1). Note finally that for a twist u with the corresponding twist function g as in (4.5) the Dirichlet energy is given by
5 Minimizing properties of the twist solutions
We now proceed by considering the minimizing properties of the twist solutions obtained through Proposition 4.2. Indeed, for any twist u we have that
Motivated by this, let
and for k ∈ Z put
Then, it is a trivial matter to verify that the Euler-Lagrange equation corresponding to E takes the form,
which together with the boundary conditions g(a) = 0 and g(b) = 2kπ admits the unique solution g as given by (4.5) . This, together with the convexity of E immediately leads to the following conclusion.
Proposition 5.1. For each k ∈ Z, the twist function g given by (4.5) is the unique minimizer of E over E k .
We now return to the unconstrained energy functional J as in (2.1). Let
. Then, in view of the quadratic nature of J when n = 2, we can write
Hence, if u is a (weak) solution to the Euler-Lagrange equations (4.1) it follows that
The following proposition is concerned with the positivity of this quadratic form over W
[1] In view of the duality between H 1 and BMO we can write
Thus,
and so 10 Indeed, without much extra effort, we can state the following result. 
Asymptotic behaviour of twists as the inner hole shrinks to a point
In this section we consider the case where b = 1 and a = ε > 0 with the aim of discussing the limiting properties of the components A k as well as the solutions u ε := u(k, ε, 1, x) from Proposition 4.2 as ε 0. This is particularly interesting as in the limit (the punctured disk) all components of the function space collapse to a single one and so it is important to have a clear understanding as to how the twist solutions and their energies (for each fixed k) behave.
To this end, let Ω ε := {x ∈ R 2 : ε < |x| < 1} and for each k ∈ Z let u ε ∈ A k denote the twist with the corresponding twist function
In order to make the study of the limiting properties of u ε more tractable, we fix the domain to be the unit disk, and extend each map by identity off Ω ε .
[In what follows, unless otherwise stated, we speak of u ε in this extended sense.] Thus, here, we have that
where
Lemma 6.1. The function g ε enjoys the following properties.
[3] for δ ∈ (0, 1) there exist ε 0 > 0 and ρ ∈ (ε, 1) such that for ε < ε 0 Proof. Assertions [1] and [2] are immediate consequences of the definition. To justify [3] we assume k = 0 (as otherwise the conclusion is trivially true). Now, for r ∈ [ε, 1] we have
Set ρ = 2ε |k|πδ −1 . Then for δ < 4|k|π and ε < δ/4|k|π we have ρ ∈ (ε, 1). Hence, subject to ε ≤ min( δ/4|k|π, √ 2/2) and r ∈ [ρ, 1] we can write
which together with (6.3) gives the required conclusion.
In view of Proposition 5.1 it is evident that
is a monotone increasing function.
11
This, in particular gives the uniform boundedness of the family of solutions (u ε ) ⊂ W 1,2 (Ω, R 2 ) and so we are lead to the following interesting conclusion.
Proposition 6.1. Let Ω ε := {x ∈ R 2 : ε < |x| < 1} and for each k ∈ Z let u ε := u(k, ε, 1, x) denote the solution to equations (4.2) from Proposition 4.2. Then,
Remark 6.1. The uniform convergence u ε → x at first looks counter-intuitive, as, for
Stated differently, how can u ε and x be uniformly close when u ε twists k times while the limit x none? Indeed, Lemma 6.1 reveals that the latter twists occur at a distance ε from the origin and within a layer of thickness O(ε) [see Figure 1 ] and this is in no conflict with the stated uniform convergence.
Proof. Fix k ∈ Z and consider the family (u ε ). Then, referring to the monotonicity of (6.4) or else using directly the identity,
it follows that (u ε ) is uniformly bounded in W 1,2 (B, R 2 ). Hence, by passing to a subsequence (not re-labelled),
for some u ∈ A. Thus to complete the proof, we show that u ε → x in L 2 (B, R n ) (the entire family and not just the latter subsequence). Since, for k = 0, u ε = x, in what follows we assume |k| > 0.
Indeed, fix δ ∈ (0, 1). Then, referring to Lemma 6.1, for ε < ε 0 and ρ = 2ε |k|πδ −1 we can write
However, a straight-forward calculation gives
and so the conclusion follows.
Proposition 6.2. Let Ω ε := {x ∈ R 2 : ε < |x| < 1} and for each k ∈ Z let u ε := u(k, ε, 1, x) denote the solution to equations (4.2) from Proposition 4.2. Then,
Proof. [1] follows from [2] , the uniform convexity of the W 1,2 -norm and [1] in Proposition 6.1, while [2] follows from (6.5) by noting that F[x, B] = π.
2 ) proved in Proposition 6.1 can be justified alternatively as follows. Indeed, since, u ε u in W 1,2 (B, R 2 ), appealing to the W 1,2 -sequential weak lower semicontinuity of F, we have that
This, in conjunction with [2] in Proposition 6.2 and the strict convexity of F (on W 1,2 (B, R 2 )) gives u = x. The conclusion now follows from Rellich-Kondrachev compactness theorem.
Twists in higher dimensions
When n = 3, the Euler-Lagrange equations associated with the Dirichlet energy F over the space A(Ω) take the form
In this section, we consider the case where Ω ⊂ R 3 is a three dimensional annulus and motivated by the analysis in earlier sections discuss three dimensional twists with the intention of finding classical solutions to (7.1) among such maps.
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Definition 7.1. (Twist) Let Ω = {x ∈ R 3 : a < |x| < b}. A map u ∈ C(Ω,Ω) is referred to as a twist if and only if it can be represented in spherical coordinates as u : (r, θ, φ) → (r, θ + g(r), φ).
, φ) is a twist, then its components are given through    u 1 = r sin φ cos ω, u 2 = r sin φ sin ω, u 3 = r cos φ, where ω = θ + g(r). Here, similar to the case in two dimensions, we refer to g as the corresponding twist function. Proposition 7.1. Let Ω = {x ∈ R 3 : a < |x| < b}. A twist u lies in A provided that the corresponding twist function g satisfies the followings.
Proof. From [2] and [3] it follows that u| ∂Ω = x. Moreover, a straight-forward calculation gives,
In particular,
for all x ∈ Ω. In addition,
sin φ(cos ω − rg sin ω) −r sin φ sin ω r cos φ cos ω sin φ(sin ω + rg cos ω) r sin φ cos ω r cos φ sin ω
and as a result
and so referring to [1] the conclusion follows.
Remark 7.1. Similar to the case in two dimensions, when speaking of a twist u, we agree to set g(a) = 0 and g(b) = 2π(n b − n a ) = 2πk.
Remark 7.2. When n ≥ 3, A(Ω) does not embed into C(Ω,Ω). However, any twist u is continuous. In fact, as a result of Proposition 7.1, every bounded sequence of twists (u j ) j∈N ⊂ A(Ω) admits a uniformly convergent subsequence onΩ.
The difference between the cases n = 2 and n ≥ 3 is twofold; firstly, as indicated in Remark 7.2 Sobolev maps u ∈ A, in general, do not have continuous representatives and secondly, the space of continuous self-maps of annuli have completely different structure of homotopy classes in passing n = 2. To examine this more closely, let Ω = {x ∈ R 3 : a < |x| < b} and consider the space
equipped with the topology of uniform convergence. Then, it can be shown that the homotopy classes of A can be enumerated by Z 2 , i.e., the cyclic group of order 2. (See Proposition 8.1) In particular a pair of twists u 1 , u 2 ∈ A are homotopic if and only if for their twists functions g 1 , g 2 the corresponding integers
The natural question emerging here is if like the case n = 2 the EulerLagrange equations (7.1) admit solutions in the form of twists? Motivated by the approach in Section 5, we proceed by considering the energy of a twist given by
Then, setting Hence, substitution in (7.1) gives
As a necessary condition for the solvability of (7.2) is for the right-hand side to be curl-free we arrive at the equations
or equivalently that rg + 4g = 0, 2rg g + 4g 2 = 0.
However, this gives g = 0, g = 0, which along with the boundary conditions g(a) = 0 and g(b) = 2kπ admits the solution g = 0 and only when k = 0.
Remark 7.3. The non-existence results, here, fail if the Dirichlet energy (1.1) is replaced, for some p ≥ n, by
and over the space
Indeed, the energy functional (7.3) has two local minimizers (with respect to the L 1 -metric) one associated to each of the components of A. For further results of this nature, we refer the reader to [12] and [13] .
Appendix

Continuous self-maps of annuli
Let Ω = {x ∈ R n : a < |x| < b} with b > a > 0 and consider the space 
The collection of all maps homotopic to φ ∈ A is referred to as the homotopy class of φ and denoted by [φ] . Proof. Consider the [continuous] projection map πΩ : R n \{0} →Ω defined via πΩ(x) = ρ(|x|)x, where
is well-defined and satisfies all the assumptions in Definition 8. Proof. This is an immediate consequence of Proposition 8.2.
Degree of maps on two dimensional annuli
Consider now the case n = 2. Referring to [1] in Proposition 8.1, here, we intend to give a characterisation of the integer through which the homotopy class [φ] can be described.
Indeed, fix φ ∈ A. Then, using polar coordinates, for θ ∈ [0, 2π] (fixed) the
has a well-defined index [or winding number about the origin]. Furthermore, in view of continuity of φ, this is independent of the particular choice of θ ∈ [0, 2π]. The latter correspondence will be denoted by
Note that for a differentiable curve (taking advantage of S 1 ⊂ C) we specifically have the formula deg(
A straight-forward continuity argument combined with the fact that deg(·) is integer-valued gives
In particular we have the following convergence result.
Proof. The first assertion from the closedness ofΩ and the convergence follows from Proposition 8.2 together with (8.2).
That the converse to (8.2) is also true is the content of the following proposition.
Proposition 8.5. Let φ 0 , φ 1 ∈ A and assume that deg(
Proof. Fix φ 0 , φ 1 ∈ A. The conclusion will follow once we construct a homotopy between φ 0 and φ 1 . Since, by assumption, the restrictions of φ 0 and φ 1 to any radial ray have the same index (viewed as maps from S 1 to S 1 have the same degree) it follows from Brouwer-Hopf theorem that the latter are homotopic.
θ (t, r) = 1 for all t ∈ [0, 1] and r ∈ {a, b}. Now, to proceed further, for any fixed pair of θ 0 , θ 1 ∈ [0, 2π] set Ω(θ 0 , θ 1 ) = {x = (r, θ) : a < r < b, θ 0 < θ < θ 1 }.
Then, we consider the continuous map
defined for t ∈ {0, 1} and x ∈Ω(θ 0 , θ 1 ) via
and for t ∈ [0, 1] and x ∈ ∂Ω(θ 0 , θ 1 ) via
Since π 2 (S 1 ) ∼ = 0, the obstruction to extending the latter map (from the boundary to the interior of [0, 1]×Ω(θ 0 , θ 1 )) vanishes and so H can be extended (again, denoted H) to
In order to complete the proof it suffices to take
and finally to set
Then h is the required homotopy.
As a result of (8.2) deg(·) induces a map (again, denoted deg) on the set {[φ] : φ ∈ A}. In conjunction with Proposition 8.7 this leads us to the following conclusion. 
SO(3) and maps on three dimensional annuli
Consider now the case n = 3. Referring to [2] in Proposition 8.1, here, with the aid of the fundamental group of SO(3) we intend to give a characterisation of the homotopy classes {[φ] : φ ∈ A}.
To this end, fix φ ∈ A. Then, using the identificationΩ ∼ = [a, b] × S 2 , it is plain that the map
uniquely defines an element of the group π 1 [C ϕ (S 2 , S 2 )]. The latter correspondence will be denoted by
Consider now the action of SO(3) on S 2 [viewed as the group of orientation preserving isometries of S 2 onto itself], i.e., E : ξ ∈ SO(3) → ω ∈ C(S 2 , S 2 ) where E[ω](x) = ξx. Proposition 8.6. With the above notation, the induced homomorphism
is an isomorphism.
Proof. It is not hard to see that evaluation at base point defines a Hurewicz fibration q : SO(3) → S 2 with the corresponding fibre q −1 (1) = SO(2). Thus, we are lead to the following commutative diagram between fibrations:
It is well-known that π 1 (SO(2)) ∼ = Z and π 1 (SO(3)) ∼ = Z 2 . In a similar way,
Thus, an easy inspection of the exact homotopy sequences corresponding to the above diagram together with the fact that the homomorphism induced by the inclusion of SO(2) into SO(3) maps the generator of π 1 [SO (2) ] to the non-zero element in π 1 [SO(3)] implies the assertion.
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Proposition 8.7. Let φ 0 , φ 1 ∈ A and assume that deg 2 ( Then, the required homotopy between φ 0 , φ 1 is given by, h(t, x) = ρ(t, x)H(t, x).
As we evidently have the implication
we are lead to the following conclusion. Let u be a three dimensional twist with a corresponding twist function g. Then, it is a trivial matter to verify that
Therefore, the two homotopy classes of A contain all twists, with one containing those corresponding to k being even and the other with k being odd. In particular, a pair of twists u 1 , u 2 are homotopic if and only if for the corresponding twist functions g 1 , g 2 we have that k 2 − k 1 ≡ 0 mod 2.
16 Indeed, it is well-known that the cyclic group π 1 [SO(3)] ∼ = Z 2 is generated by the rotations about a fixed axis by 2π, e.g., the homotopy class of the closed curve 
